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9.7 Schur's conjecture and exceptional covers
.
Michael D. Fried, University of California Irvine
9.7.1 Rational function denitions
9.7.1 Remark (Extend values) The historical functions of this section are polynomials and rational
functions: f(x) = Nf(x)=Df(x) with Nf and Df relatively prime (nonzero) polynomials,
denoted f 2 F(x), F a eld (almost always Fq or a number eld). The subject takes o
by including functions f { covers { where the domain and range are varieties of the same
dimension. Still, we emphasize functions between projective algebraic curves (nonsingular),
often where the target and domain are projective 1-space.
9.7.2 Denition The degree of f 2 F(x), deg(f), is the maximum of deg(Nf) and deg(Df).
Add a point at 1 to F, F [f1g = P1
x(F), to get the F points of projective 1-space.
9.7.3 Remark (Plug in 1) Using Denition 9.7.2 requires plugging in and getting out 1. We
sometimes use the notion of value sets Vf and their cardinality #Vf (Section 8.3).
1. The value of f(x0) for x0 2 F is 1 if x0 is a zero of Df(x).
2. The value of f(1) is respectively 1;0, or the ratio of the Nf and Df leading
coecients, if the degree of Nf is greater, less than, or equal to the degree of Df.
If z is a variable indicating the range, this gives f as a function from P1
x(F) to P1
z(F). We
abbreviate this as f : P1
x ! P1
z.
9.7.4 Denition (M obius equivalence) Denote the group { under composition { of M obius
transformations x 7! ax+b
cx+d with ad   bc 6= 0, a;b;c;d 2 F by PGL(F). Refer to
f1;f2 2 F(x) as M obius equivalent if f2 =   f1   for ; 2 PGL(F).
9.7.5 Example If f(x) = xn, with gcd(n;q   1) = 1, then #Vf = qk + 1 on P1
x(Fqk) exactly for
those innitely many k with gcd(n;qk   1) = 1.
9.7.6 Remark Initial motivation came from Schur's Conjecture Thm. 9.7.32, which starts over a
number eld K { a nite extension of Q, the rational numbers { with its ring of integers
OK. That asks about Vf over residue class elds, OK=p p p of prime ideals p p p, denoting this
Vf(O=p p p) (Vf(Fp) if O = Z). Assume Nf and Df have coecients in OK. Avoid p p p { it is a
bad prime { if it contains the leading coecient of either Nf or Df.
9.7.7 Denition For f 2 F(x), if f = f1  f2 with f1;f2 2 F(x), deg(fi) > 1, i = 1;2, we say f
decomposes over F. Then, the fi s are composition factors of f.
9.7.8 Denition (Conite) For B a subset of A, we say B is conite in A if A n B is nite.
9.7.9 Proposition [1638, p. 390] Consider X0
h = f(x;y) j h(x;y) = 0g, an algebraic curve, dened
by h 2 K[x;y]. Then, there is a unique nonsingular curve Xh { the normalization of X0
h
{ and a morphism h : X0
h ! Xh that is an isomorphism on the complement of a nite
subset of points in Xh. Indeed, every variety X0
h has such a unique normalization, but in
higher dimensions it may be singular, and h is an isomorphism o a codimension 1 set.244 Handbook of Finite Fields
9.7.10 Denition (Components) A denition eld for an algebraic set W is a eld containing all
coecients of all polynomials dening W. Components of W over F are algebraic
subsets which are not the union of two closed non-empty proper algebraic subsets
over F [1054, p. 3]. We say W is a variety if it has just one component. It is
absolutely irreducible if it has just one component over  F, an algebraic closure of
F.
9.7.11 Remark (Points on varieties) [1054, Chapters 1 and 2] and [1638, x2] introduce ane and
projective algebraic sets, and their components (Denition 9.7.10), except they are over an
algebraically closed eld. For perfect elds F (including nite elds and number elds) this
extends for normal varieties. Since their components do not meet, taking any disjoint union
of distinct varieties under the action of the absolute Galois group of F denes components
in general. Points on an algebraic set X over F refers here to geometric points: points with
coordinates in  F. It is an F point if its coordinates are in F.
9.7.12 Denition A general f : X ! Z is a cover means it is a nite, at morphism (see Denition
9.7.25) of quasi-projective varieties [1638, p. 432, Proposition 2].
9.7.13 Lemma Denition 9.7.12 simplies for curves, because all our varieties will be normal, and
so for curves, nonsingular. Then, any nonconstant morphism is a cover: That includes any
nonconstant rational function f : P1
x ! P1
z.
9.7.14 Example If f : X ! Z is nite and X and Z are nonsingular, generalizing what happens
for curves, and no matter their dimension, then f is automatically at [1054, p. 266, 9.3a)].
This doesn't extend to weakening nonsingular to normal varieties. [1638, p. 434] has a nite
morphism, where X is nonsingular (it is ane 2-space), and Z is normal. But, the ber
degree is 2 over each z 2 Z, excluding one point where it is 3.
9.7.15 Remark (Assuming normality) Starting with x9.7.2 all results assume that the algebraic
sets are normal. Some constructions (especially Def. 9.7.45) momentarily produce nonnormal
sets, that we immediately replace with their normalizations.
9.7.2 MacCluer's Theorem and Schur's Conjecture
9.7.16 Denition An f 2 Fq(x) is exceptional if it maps one-one on P1(Fqk) for innitely many
k. Similarly, with K a number eld, f 2 K(x) is exceptional if it is exceptional
mod p p p for innitely many primes p p p.
9.7.17 Remark We use K, allowing decoration, for a number eld. x8.3 refers to the splitting eld,

f (resp. 
f  F), of f(x)   z over F(z) (resp. over  F(z)). The automorphism group of the
extension 
f=F(z) (resp. 
f;  F=  F(z)) is the arithmetic (resp. geometric) monodromy group
A (resp. G) of a separable function (Denition 9.7.25) f 2 F(x). When there are several
functions, we denote these Af and Gf. They act on the zeros, fx1;:::;xng (often denoted
f1;:::;ng), of f(x)   z, giving a natural permutation representation on n symbols.
9.7.18 Denition Every cover f : X ! Z over a eld F with X irreducible has an associated
extension of function elds that determines the cover up to birational morphisms
(see Lemma 9.7.43).
9.7.19 Remark Essentially all the Galois theory of elds translates to useful statements about a
cover f : X ! Z (over F) of an irreducible variety Z. It does this by corresponding to f theSpecial functions over nite elds 245
composite of the function eld extensions F(X0)=F(Z) where X0 runs over the components
of X [1638, p. 396]. Several papers in our references (say, [842, x0.C]) give oft-used examples,
with Lemma 9.7.20 a simple archetype.
9.7.20 Lemma (See Remark 9.7.21) Any separable cover f : X ! Y over F has a Galois closure
cover ^ f : ^ X ! Z over F. Then, Af is the group of ^ f with its natural permutation repre-
sentation TAf (of degree the degree of f). Do this over  F to get the geometric monodromy
Gf. Then, X is irreducible (resp. absolutely irreducible) if and only if TAf (resp. TGf) is
transitive. For f a rational function it is automatic that TGf (and so TAf) is transitive.
9.7.21 Remark [846, x2.1] explains how to form the Galois closure cover of a cover using ber
products (see Remark 9.7.54). This shows how to form the Galois closure cover of any
collection of covers as in Lemma 9.7.50.
9.7.22 Remark Normalization gives a nearly invertible process to Remark 9.7.19: going from eld
extensions of F(Z) to covers of Z. While this doesn't translate all arithmetic cover problems
to Galois theory, we apply the phrase \monodromy precision" (Remark 9.7.26) to when it
does. Example: It does in the topic of exceptional covers, as in Proposition 9.7.28.
9.7.23 Denition Denote the elements of a group G, under a representation TG, that x 1 by G(1).
When TG is transitive, refer to TG as primitive (resp. doubly transitive) if there is
no group properly between G(1) and G (resp. G(1) is transitive on f2;:::;ng).
9.7.24 Theorem [840, Theorem 1]: An f 2 Fq(x) is exceptional if and only if the following holds
for each orbit O of Af(1) on f2;:::;ng:
O breaks into strictly smaller orbits under Gf(1): (9.23)
Denote the projective normalization of f(x;y) j
f(x) f(y)
x y = 0g by Xf;f n. Also equivalent
to (9.23): Each Fq component of Xf;f n  has at least 2 components over  Fq.
Similarly, an f 2 K(x), K a number eld, is exceptional if and only if (9.23) holds for
f mod p p p for innitely many primes p p p.
9.7.25 Denition (Covers) Let f 2 Fq(x) be nonconstant and separable: not g(xp) for some
g 2 Fq(x). Then, f : P1
x(  Fq) ! P1
z(  Fq) by x 7! f(x) has these cover properties.
1. Excluding a nite set fz1;:::;zrg  P1
z(  Fq), branch points of f, there are
exactly n = deg(f) points over z0.
2. For z0 a branch point, counting zeros, x0 of f(x) z0 with multiplicity, the sum
at all x0 s over z0 is still n. An x0 2 P1
x with multiplicity > 1 is a ramied point.
For K a number eld, the same properties hold, without any separable condition.
9.7.26 Remark (MacCluer's Theorem) Theorem 9.7.24 has a surprise: (9.23) implies exceptionality
over Fq. An error term in applying Chebotarev's density theorem with branch points (as in
x8.3, in x8.3.3) vanishes. A ramied point with p not dividing its multiplicity is tame.
Macluer's thesis [1472] responded to a Davenport-Lewis conjecture [577] by showing
Theorem 9.7.24 for a polynomial tame at every point. We say: MacCluer's Theorem shows
tame polynomial exceptional covers exhibit monodromy precision [847, x3.2.1]. Proposition
9.7.28 shows monodromy precision holds for general exceptional covers.
9.7.27 Example A polynomial f over Fq for which pjdeg(f) is not tame at 1.
9.7.28 Proposition [840] combined with [846, Principle 3.1]: Let f : X ! Z be any cover (De-
nition 9.7.12) over Fq with X absolutely irreducible. Then [846, Corollary 2.5]:246 Handbook of Finite Fields
1. the extended meaning of (9.23) is that the 2-fold ber product (x9.7.3) of f minus
the diagonal has no absolutely irreducible Fq components; and
2. (9.23) is equivalent to f being exceptional: X(Fqk) ! Y (Fqk) is one-one (and
onto) for innitely many k.
9.7.29 Remark As noted in [846, Comments on Principle 3.1], the proof of [840] applies without
change to give Proposition 9.7.28 Part 2 when X and Z are non-singular; indeed, it applies
to pr-exceptionality (Denition 9.7.93). Without, however, this nonsingularity assumption,
there are complications considered in [847, xA.4.1] (see Example 9.7.14).
9.7.30 Denition Let f in Proposition 9.7.28 over Fq be an exceptional cover. Denote values k
where (9.23) holds with Fqk replacing Fq, by Ef;q: the exceptionality set of f.
Similarly, for f satisfying the hypotheses of Proposition 9.7.28 over a number
eld K, denote those primes p p p where f mod p p p has Ef;O=p p p innite, by Ef;K.
9.7.31 Denition The equation Tu(cos()) = cos(u) denes the u-th Chebychev polynomial, Tu.
From it dene a Chebychev conjugate:   Tu   1 with (x) = z0(x) = z0x and
either z0 = 1, or z0 and  z0 are conjugate in a quadratic extension of K.
9.7.32 Theorem (Schur's Conjecture) [837, Theorem 2]: With K a number eld, the f 2 O[x]
for which Ef;K is innite are compositions with maps a 7! ax + b (ane) over K with
polynomials of the following form for some odd prime u:
xu (cyclic) or,   Tu   1;u > 3; a Chebychev conjugate: (9.24)
9.7.33 Remark Many still refer to Theorem 9.7.32 as Schur's Conjecture, though Schur conjectured
it only over Q. [837] refers to all Chebychev conjugates as Chebychev polynomials, rather
than Dickson as in Remark 9.7.34. [1441] assiduously distinguishes Dickson polynomials.
Here is a simple branch point Chebychev Conjugate characterization: f has two nite
(6= 1) branch points, z0 2 P1
z( Q), which identify with the unique unramied points (in
P1
x( Q)) over the branch points, as in [837, Proof of Lemma 9].
1. A corollary of [853, Theorem 3.5] is that any cover with a unique totally and
tamely ramied point decomposes over F if and only if it decomposes over  F.
This applies if f 2 F[x] has deg(f) prime to the characteristic of F.
2. If f from Part 1 is indecomposable, then Gf is primitive (see Denition 9.7.23)
and it contains an n-cycle.
3. If f 2 K[x] is exceptional, since (9.23) says Gf cannot be doubly transitive, up
to composing with K ane maps, f from Part 2 is in (9.24).
9.7.34 Remark (Dickson doppelgangers, see x9.6) Each Chebychev conjugate is a constant times
a Dickson polynomial [846, Proposition 5.3]. The Remark 9.7.33 characterization { by
locating their branch points { avoids using equations. That is the distinction at the last
step between the proof of Theorem 9.7.32 and [1441, Chapter 6].
9.7.35 Remark Use the notation in Theorem 9.7.32. Suppose f 2 OK[x] is an exceptional poly-
nomial. Dene nf;c (resp. nf;C) to be the product of distinct primes s for which f has a
degree s cyclic (resp. Chebychev conjugate) composition factor. The referee of [1507] noted
Corollary 9.7.36 follows from 9.7.28 combined with 9.7.32.
9.7.36 Corollary For f 2 OK[x] an exceptional polynomial, one can determine Ef;K (excluding
bad primes, Remark 9.7.6) from nc;f and nf;C by congruences. When OK = Z, then p 2 Ef;Q
if and only if gcd(p   1;s) = 1 for each sjnf;c and gcd(p2   1;s) = 1 for each sjnf;C.Special functions over 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9.7.37 Example (Innite Ef;Q) It is necessary that gcd(2;nc) = 1 and gcd(6;nC) = 1 for there
to be innitely many p that satisfy the conclusion of Corollary 9.7.36. But it is sucient,
too. Without loss, assume gcd(nc;nC) = 1. If 36 jnc, then Dirichlet's Theorem on primes
in arithmetic progressions gives an innite set of p  3 mod ncnC. They are in Ef;Q. If
3jnc, the Chinese remainder theorem gives an arithmetic progression of p satisfying p  3
mod nC and p   1 mod nc. So, Ef;Q is innite whenever it has a chance to be.
9.7.38 Remark Combine [841, Lemma 1] with monodromy precision in Proposition 9.7.39. This
shows, the Proposition 9.7.28 ber product statement is equivalent to f 2 K(x) being ex-
ceptional, and therefore permutation, mod p p p. If OK=p p p is suciently large, the ber product
statement is also necessary for f to be permutation (well-known, for example [837, proof of
Theorem 2, last paragraph]).
9.7.39 Proposition (Permutation functions) From Remark 9.7.38, for f 2 Fq(x), those k where f
permutes P1(Fqk) contains Ef;Fq as a conite subset. Similarly, for K a number eld, those
p p p where f functionally permutes P1(O=p p p) contains Ef;K as a conite subset.
9.7.40 Remark x8.1 shows permutation polynomials are abundant. Exceptional polynomials sat-
isfy a much stronger property, but Corollary 9.7.36 shows they are abundant, too. One
dierence: x9.7.3 combines them in ways with no analog for permutation polynomials.
9.7.41 Corollary An analog of Theorem 9.7.32 holds over Fq to characterize exceptional polyno-
mials of degree prime to p ([848, Introduction to x5] or [846, Proposition 5.1]). There, z0 in
z0 is either 1 or in the unique quadratic extension of Fq. Consider a Chebychev conjugate
z0  Tn  
 1
z0 as a permutation polynomial on Fqk with gcd(q2k   1;n) = 1. Then, when
n  m  1( mod q2k   1), z0  Tm  
 1
z0 is its functional inverse.
9.7.3 Fiber product of covers
9.7.42 Denition For any eld extension F1=F2 containing Fp, there is the notion of being sep-
arable [849, p. 111]. For f 2 Fq(x), the extension  Fq(x)=  Fq(f(x)) being separable
is equivalent to f is separable (Denition 9.7.25). Many of our examples inherit
separableness from this special case.
9.7.43 Lemma (Curve covering maps [1054, Chapter I, x6]) Any nonsingular projective algebraic
curve X over a perfect eld F has a eld of functions F(X) that uniquely determines X up
to isomorphism over F.
Each non-constant element f 2 F(X) determines a nite map X ! P1
z over F [1054,
Chapter I, Exercise 6.4]. If F(X)=F(f) is separable, then f has the covering properties
of (9.7.25): nite number of branch points, and uniform count of points in a ber over  F
(including multiplicity in the ber) [1054, Chapter IV, Proposition 2.2].
9.7.44 Denition Refer to any f in the conclusion of Lemma 9.7.43 as a nonsingular cover of P1
z.
9.7.45 Denition (Fiber product) Let fi : Xi ! P1
z, i = 1;2, be two nonsingular covers of P1
z. The
set theoretic ber product consists of the algebraic curve
f(x1;x2) 2 X1  X2jf1(x1) = f2(x2)g:
Denote this X1 set
P1
z X2. Its normalization (Proposition 9.7.9), X1 P1
z X2, is the
ber product of f1 and f2.248 Handbook of Finite Fields
9.7.46 Remark Denition 9.7.45 works equally for any covers Xi ! Z, i = 1;2, with Z a normal
projective variety. Then, X1 Z X2 is normal and projective (possibly with several compo-
nents) with natural maps pri : X1 Z X2 ! Xi, i = 1;2, given by its projection on each
factor. The functions fi  pri, i = 1;2 are identical, giving a well-dened map:
(f1;f2) : X1 Z X2 ! Z: (9.25)
9.7.47 Remark (Fiber equations) Consider x0 2 X1 Z X2 that is simultaneously over x0
i 2 Xi,
i = 1;2, where both x0
i s ramify over pr1(x0
1) = pr2(x0
2). Then, f1(x1) = f2(x2), with xi in
a neighborhood of x0
i, is not a correct local description around x0.
There is another complication when Z is not a curve (dimension 1). The ber product
might be singular even when the Xi s are not. So (f1;f2) in (9.25) may not be a cover
because it is not at (Remark 9.7.67).
9.7.48 Example Consider two polynomials, f1;f2 2 K[x], of the same degree n. They dene
fj : P1
xj ! P1
z, j = 1;2. Then, there are n points over z = 1 on P1
y1 P1
z P1
y2, but only one
point on the set theoretic ber product over 1. [839, Proposition 1] gives the generalization
of this, showing { when the covers are tame { how to compute the genus of the ber product
components from the covers fj, j = 1;2.
9.7.49 Denition The ber product Xf;f = X Z X for a cover f : X ! Z of degree exceeding 1
has at least two components. One is the diagonal: the set (X) = f(x;x) j x 2 Xg.
The normal variety X Z X n (X) generalizes the set in Theorem 9.7.24.
9.7.50 Lemma (Fiber product monodromy [846, x2.1.3]) Consider the covers in Denition (9.7.45).
To each fj there is an arithmetic (resp. geometric) monodromy group Afj (resp. Gfj),
j = 1;2. Similarly, for (f1;f2) in (9.25). Then, A(f1;f2) maps naturally, surjectively, to Afj
by homomorphisms pr
j, j = 1;2. There is a largest simultaneous quotient, H, of both Afj s
given by homomorphisms mi : Afj ! H, j = 1;2, so that
A(f1;f2) = f(1;2) 2 Af1  Af2 j m1(1) = m2(2)g:
Similarly with geometric replacing arithmetic monodromy.
9.7.51 Corollary (Components) With the hypotheses of Lem. 9.7.50, let f1j;:::;njg, be integers
on which Aj acts, j = 1;2. Then, A(f1;f2) acts on the pairs (i1;i2) and on each of the sets
f1j;:::;njg separately. If X1 is absolutely irreducible, then the components of X1 Z X2
over F (resp.  F) correspond to the orbits of A(f1;f2)(11) (resp. G(f1;f2)(11); see Denition
9.7.23) on f12;:::;n2g. Note: The degrees n1 and n2 may be dierent.
9.7.52 Denition (Absolute components) Given X1Z X2 in Corollary 9.7.51, denote the union of
its absolutely irreducible F components by X1abs
Z X2. Denote the complementary
set, X1 Z X2 n X1 abs
Z X2, of components by X1 
cp
Z X2.
9.7.53 Theorem (Explicit Ef;q { see Remark 9.7.54) Let f : X ! Z (as in Proposition 9.7.28) be
an exceptional cover over Fq. For X0
i, an Fq component of X 
cp
Z X, denote the number of
components in its breakup over  Fq by si, i = 1;:::;u.
With sexc = lcm(s1;:::;su);Ef;q = fk mod sexc j gcd(k;si) < si;i = 1;:::;ug:
The group G(Fqsexc=Fq) is naturally a quotient of Af=Gf. We can interpret all quantities
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9.7.54 Remark All but the last sentence of Theorem 9.7.53 is [846, Corollary 2.8]. The last sentence
is from [846, Lemma 2.6], using that the Galois closure cover of f is a(ny) component (over
Fq) of the deg(f) = n-fold ber product of f with itself. Project that ber product onto
the 2-fold ber product of f over Fq to nish. Corollary 9.7.51 shows the orbit lengths of
Af(1) on f2;:::;ng divided by the corresponding orbit lengths of Gf(1), give the si s.
9.7.55 Theorem (Explicit Ef;K { see Remark 9.7.56): Now change Fq to K (number eld) in the
rst sentence of Theorem 9.7.53. For each cyclic subgroup C  Af=Gf denote those  2 Af
that map to C by AC. As previously, denote the stabilizers of 1 in the representation by
AC(1) and GC(1). Consider this set, Cf;K, of cyclic C (as in (9.23)):
fC j each orbit of AC(1) on f2;:::;ng breaks into strictly smaller orbits under GC(1)g.
Then, f is exceptional over K if and only if Cf;K is nonempty. Further, Ef;K consists of
those primes p p p for which the Frobenius attached to p p p is a generator of some C 2 Cf;K.
9.7.56 Remark Theorem 9.7.55 comes from applying [841, x2] exactly as in Remark 9.7.28. If Ef;K
is innite, then X Z X n (X) has no absolutely irreducible component. The converse,
however, does not hold.
9.7.4 Combining exceptional covers; the (Fq;Z) exceptional tower
9.7.57 Denition (Category of exceptional covers) For Z absolutely irreducible over Fq, denote
the collection of exceptional covers of Z over Fq by TZ;Fq.
9.7.58 Theorem [846, x4.1]: Given (fi;Xi) 2 TZ;Fq, i = 1;2, X1 abs
Z X2 (Denition 9.7.52) has
one component. We conclude that:
(f1  pr1;X1 abs
Z X2) 2 TZ;Fq:
Also, there is at most one morphism between any two objects in TZ;Fq.
9.7.59 Remark (When f1 = f2 in Theorem 9.7.58) We denitely include the ber product of
a cover in TZ;Fq with itself. Then, the only absolutely irreducible component of the ber
product is the diagonal (Denition 9.7.49), which is equivalent to the original cover.
9.7.60 Denition We call X1 abs
Z X2 the ber product of f1 and f2 in TZ;Fq, and continue to
denote its morphism to Z by (f1;f2). This denes TZ;Fq as a category with ber
products. Theorem 9.7.53 shows Ef1;q \ Ef2;q = E(f1;f2);Fq is innite.
9.7.61 Remark Consider (fi;Xi) 2 TZ;Fq, i = 1;2, for which there exists   : X1 ! X2 over Fq
that factors through f2: f2    = f1. Then, Theorem 9.7.58 says   is unique.
9.7.62 Corollary For (f;X) 2 TZ;Fq, denote the group of the Galois closure cover of f over X by
Af(1). Then, Af has the representation Tf by acting on cosets of Af(1). If (fi;Xi) 2 TZ;Fq,
i = 1;2, we write (f1;X1) > (f2;X2) if f1 factors through X2. [846, Prop. 4.3] produces
from these pairs a canonical group AZ;Fq with a pronite permutation representation TZ;Fq.
9.7.63 Remark (A projective limit) Given (fi;Xi) 2 TZ;Fq, i = 1;2, there is a 3rd (f;X) 2 TZ;Fq,
given by the ber product, that factors through both. This is the condition dening a
projective sequence. So, AZ;Fq in Corollary 9.7.62 is a projective limit.250 Handbook of Finite Fields
9.7.64 Denition (AZ;Fq;TZ;Fq) is the (arithmetic) monodromy group, in its natural permutation
representation, of the Exceptional Tower TZ;Fq.
9.7.65 Theorem Let fi : Xi ! Z, i = 1;2, be exceptional covers over K: Efi;K is innite, i = 1;2.
Then, X1 Z X2 is exceptional in the sense that
X1 mod p p p abs
Z mod p p p X2 mod p p p is exceptional for innitely p p p
if and only if Ef1;K \ Ef2;K is innite.
9.7.66 Remark Theorem 9.7.65 forces considering if there is an innite intersection of two excep-
tionality sets over K. As Theorem 9.7.53 shows, this is automatic over Fq. Example 9.7.37
shows it is not automatic over a number eld. x9.7.5 and x9.7.6 have examples along these
lines: If both fi s, i = 1;2, are exceptional rational functions, then their composition is again
exceptional over K if and only if Ef1;K \ Ef2;K is innite. Beyond cyclic and Chebychev
situations, it is very dicult to decide when this intersection is innite.
9.7.67 Remark The same denition for exceptional works for any nite, surjective, map of normal
varieties over Fq. Such maps may not be at (say, when Remark 9.7.14 doesn't apply),
so they may not be covers. Normalization of any projective variety is projective: Segre's
Embedding [1638, Thm. 4, p. 400].
For irreducible X, atness says the multiplicity sum of points in the ber over z is
constant in z: the function eld extension degree, [K(X) : K(Z)] [1638, Proposition 2,
p. 432]. That is, Denition 9.7.25, Part 2, holds. For nite morphisms that characterizes
atness [1638, Corollary p. 432]. With normality, but not atness, this may hold only outside
a codimension 2 set in the target. [847, Appendix A.4] has a liesurely discussion. See Example
9.7.14.
9.7.5 Exceptional rational functions; Serre's Open Image Theorem
9.7.68 Denition Denition 9.7.31 explains Chebychev conjugates. Consider lz0 : x 7! x z
0
x+z0,
mapping z0 to 0;1, with a = (z0)2 2 K;z0 62 K. Then, for n odd, characterize
Rn;a = (lz0) 1  (lz0(x))n, a cyclic conjugate, by these conditions:
z0 are its sole ramied points, Rn;a(z0) = z0 and it maps 1 7! 1: (9.26)
9.7.69 Remark According to [1441, Chapter 2, x5]), Rn;a in Denition 9.7.68 is a Redei function.
From [1441, Theorem 3.11]: Under the hypotheses on z0, the exceptionality set ERn;a;K is
fp p p j (jOK=p p pj   1;n) = 1g if z0 is a quadratic residue mod p p p, and
fp p p j (jOK=p p pj + 1;n) = 1g if not.
9.7.70 Remark (Addendum Remark 9.7.69) Quadratic reciprocity determines nonempty arithmetic
progressions for which z0 is a quadratic residue and those for which it is not. If z0 in Denition
9.7.68 were in K, then { of course { the exceptional set is the same as for xn. Whether or
not z0 2 K, we refer to Rn;a as a cyclic conjugate.
9.7.71 Denition [846, x4.2] Suppose a collection C of covers from an exceptional tower TY;Fq is
closed under the categorical ber product. We say C is a subtower. We also speak
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9.7.72 Remark [846, x4.3] uses that the ber product of two unramied covers is unramied to cre-
ate cryptographic exceptional subtowers. [846, x5.2.3] computes the arithmetic monodromy
attached to the Dickson subtower generated by all the exceptional Chebychev conjugates
over Fq. The analog of Remark 9.7.69 over Fq gives a similar { Redei { subtower of TP1
z;Fq
generated by exceptional cyclic conjugates.
9.7.73 Remark Theorem 9.7.65 requires common exceptional intersection (Remark 9.7.66) to form
ber products in TZ;K, Z absolutely irreducible over a number eld K. For ber products
(or composites) of Chebychev and cyclic conjugates, we easily decide if exceptional sets have
innite intersection. Exceptional rational functions from Serre's O(pen) I(mage) T(heorem)
give much harder versions of such problems.
9.7.74 Denition (j-line P1
j) A special copy of projective 1-space, the j-line, occurs in the study
of modular curves (see Theorem 9.7.76). Each j 2 P1
j n f1g( Q) = A1
j( Q) has an
attached isomorphism class of elliptic curves Ej. For each integer n > 0, consider a
special case of a modular curve, 0(n) : X0(n) ! P1
j, with its cover of P1
j. Denote
the points of X0(n) not lying over j = 1 by Y0(n).
9.7.75 Denition For E an elliptic curve, denote by E ! E=C an isogeny from quotienting E
by a (nite) torsion subgroup C of E. When C is a cyclic, generated by e0 2 E
(resp. all torsion points killed by multiplication by n), write C = he0i (resp. Cn).
9.7.76 Theorem There are two approaches to giving \meaning" to each algebraic point y 2 Y0(n),
whose image in P1
j is jy.
1. [1718, p. 108] or [843, p. 158]: y 7! [Ejy ! Ejy=he0
yi] with e0
y 2 Ejy of order n
where brackets, [ ], indicate an isomorphism class of isogenies.
2. [843, Lemma 2.1]: y 7! fy 2  Q(x) (up to M obius equivalence) of degree n.
9.7.77 Theorem [843, Theorem 2.1]: Suppose f 2 K(x) is exceptional and of prime degree u.
Then, f is M obius equivalent over K to either:
1. a cyclic (Remark 9.7.70) or a Chebychev (Remark 9.7.34) conjugate;
2. or to some fy (u = n) in Theorem 9.7.76, Part 2.
9.7.78 Denition For a dense set of j0 2 A1
j, we say the corresponding Ej0 is of CM-type if its ring
of isogenies, tensored by Q, has dimension 2 over Q. Such isogenies form a complex
quadratic extension of Q (containing j0, which is an algebraic integer; [1904, II-28]
or [1928, Chapter 2, x5.2]). Otherwise, j0 is of GL2-type.
9.7.79 Theorem [843, (2.10)]: Continue the notation of Theorem 9.7.77. Except for the two cases
where jy is one of the two nite branch points of 0(u), the geometric monodromy Gfy is
the order 2u dihedral group Du, and fy has four branch points (Denition 9.7.25). For u in
Theorem 9.7.77, Part 2, for which Ej0 has good reduction, the coordinates of e0
y generate a
constant extension of K with group Afy=Gfy (explained in Theorem 9.7.85).
9.7.80 Theorem [843, x2.B]: For j0 of CM-type, complex multiplication theory gives (an innite)
Efy;K. Computing this would use [1010, x6.3.1-x6.3.2].
9.7.81 Remark (Addendum to Theorem 9.7.80) Using adelic (modular) arithmetic gives analogs
of Corollary 9.7.36; and Corollary 9.7.41 for explicitly nding the functional inverse of a
CM-type reduced modulo a prime in the exceptional set Efy;K. If K = Q(j0), then Efy;K
depends on the congruence de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constant eld. Only nitely many j0 in Q have CM-type, corresponding to class number 1
for complex quadratic extensions.
9.7.82 Problem Take one of the CM-type j s in Q. Then, consider two allowed values of u, ui,
i = 1;2, denoting the corresponding fy s by fi, i = 1;2. Test for explicitness in Remark
9.7.81 as to whether Ef1;Q \ Ef2;Q is innite.
9.7.83 Denition (Composition factor denition eld) For f 2 F(x) consider a minimal eld
Ff(ind) over which f decomposes into composition factors indecomposable over  F.
Similarly, denote the minimal eld over which Xf;f n  in Theorem 9.7.24 breaks
into absolutely irreducible components by ^ Ff(2).
9.7.84 Proposition[846, Proposition 6.5]: Iff :X ! Z is a cover over F, then Ff(ind)  ^ Ff(2).
9.7.85 Theorem See Remark 9.7.87: Assume j0 2 A1
j is of GL2-type. For K = Q(j0), consider
C = Cu in Denition 9.7.75 with u a prime. The corresponding fu 2 K(x) has degree u2.
Use the monodromy groups of Denition 9.7.17.
There is a constant M1;j0 so that if u > M1;j0, then the arithmetic/geometric monodromy
quotient Afu=Gfu is GL2(Z=u)=f1g. Further, fu decomposes into two degree u rational
functions over Kf(ind), but it is indecomposable over K.
9.7.86 Theorem [846, Proposition 6.6]: Continue Theorem 9.7.85 hypotheses. For a second constant
M2;j0, and for any prime p p p of OK with jOK=p p pj > M2;j0 assume Ap p p 2 GL2(Z=u)=h1i
represents the conjugacy class of the Frobenius for p p p. Then, fu mod p p p is an exceptional
indecomposable rational function, and it decomposes over the algebraic closure of OK=p p p,
precisely when hAp p pi acts irreducibly on (Z=p)2 = Vp. This holds for innitely many primes
p p p. In particular, fu is exceptional over K (Denition 9.7.30).
9.7.87 Remark (Using Serre's OIT) [1904] lays the groundwork for [1905]. The latter has the
existence of the constant M1;j0. [1904, App. A.1, x3.2] proves it exists when j0 2 A1
j( Q)
is not an algebraic integer. Then, the computation of Mi;j0, i = 1;2, in Theorems 9.7.85
and 9.7.86 is eective. Even after all these years, there is no eective computation of these
constants when j is not CM-type, but is an algebraic integer. [843, x2] gets Theorem 9.7.85
from the OIT using the relation between Parts 1 and 2 in Theorem 9.7.76.
9.7.88 Remark (More elementary, but less precise, Theorem 9.7.86) [843, Theorem 2.2] shows,
for every K and any prime u > 3, the j0 2 K, with fu satisfying the exceptionality and
decomposability conclusions of Theorem 9.7.86, are dense. Applying the [841, Theorem 3]
(or [849, Theorem 12.7]) version of Hilbert's Irreducibility Theorem to X0(u) gives the
corresponding M2;j0 explicitly.
9.7.89 Example (M1;j0 eectiveness?) [1904, App. A.1, x3.3] gives Ogg's example [1717] with
j0 2 Q. [846, x6.2.2] reviews this case, where M2;j0 = 6, to show how to pick an Ap p p acting
irreducibly as in Theorem 9.7.86 (for innitely many p p p), assuring that Efu;Q is innite for
u > M2;j0.
[846, x6.3.2] { still Ogg's case { aims at nding an automorphic function, a la Langland's
Program, that would characterize the primes in Efu;Q. This is akin to the unrelated examples
of [1913], but uses results on automorphic functions in [1908, Theorem 22]. Primes of Efu;Q
do not lie in arithmetic progressions. So, Problem 9.7.90 is much harder than Problem
9.7.82.
9.7.90 Problem (Analog of Problem 9.7.82) For the Ogg curve in Example 9.7.89, consider two
allowed values of u, ui, i = 1;2, denoting the corresponding fy s by fi, i = 1;2. Test for
explicitness in Remark 9.7.81 as to whether Ef1;Q \ Ef2;Q is innite.Special functions over nite 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9.7.91 Remark [852] connects \variables separated factors" of Xf;f and composition factors of f.
[61] et. al. used this to eectively test for composition factors (and primitivity) of covers.
9.7.92 Theorem [1010, Chapter 3]: Excluding nitely many degrees, all indecomposable excep-
tional f 2 K(x) (K a number eld) are M obius equivalent to a cyclic or Chebychev conju-
gate, or to a CM function from Theorem 9.7.77 of prime degree; or they are from Theorem
9.7.86 and of prime degree squared.
9.7.6 Davenport pairs and Poincar e series
9.7.93 Denition [846, Denition 2.2] Consider f : X ! Z, a cover of normal varieties over Fq,
with Z absolutely irreducible, but X possibly reducible. Then f is pr-exceptional
if it is surjective on Fqk points for innitely many k. There is a similar deni-
tion extending Denition 9.7.30 over a number eld, and for both a notation for
exceptional sets.
9.7.94 Denition Use the value set notation of Remark 9.7.3. We say fi 2 Fq(x), i = 1;2, is a
Davenport pair over Fq if Vf1(P1(Fqk)) = Vf2(P1(Fqk)) for innitely many k. So,
take f2(x) = x to see Davenport pairs generalize exceptional functions. The notion
applies to any pair of covers fi : Xi ! Z, i = 1;2. For K a number eld, this
similarly generalizes Denition 9.7.30: f1;f2 2 K(x) are a Davenport pair if they
are a Davenport pair for innitely many residue class elds.
9.7.95 Theorem [846, Corollary 3.6]: Monodromy precision (Denition 9.7.26) applies to pr-
exceptional covers and so to Davenport pairs. That is, generalizing Theorems 9.7.53
and 9.7.55, a precise monodromy statement generalizes MacCluer's Theorem (Proposition
9.7.28) to pr-exceptional covers and to Davenport pairs.
9.7.96 Theorem [846, x3.1.2]: With the notation of Denition 9.7.93, a pr-exceptional cover over
Fq is exceptional if and only if X is absolutely irreducible.
9.7.97 Remark The proof of Schur's Conjecture began the solution of Davenport's problem for
polynomial pairs (f1;f2) over a number eld, the main result of [838]. [846, x3.2] shows the
exceptional set characterization for Davenport pairs in general is given by the intersection of
exceptionality sets for pr-exceptionality correspondences. A full description of many authors'
results that came from the solution of Davenport's problem { especially the study of general
zeta functions attached to diophantine problems { is in [847, x7.3].
9.7.98 Remark (The Genus 0 Problem) Geometric monodromy groups of rational functions are
severely limited. The mildest statement for f 2  Q(x) is that excluding cyclic and alternating
groups the composition factors of Gf fall among a nite set of simple groups. That is the
original genus 0 problem.
There is a large literature distinguishing between geometric monodromy of f 2  Q(x) and
those in  Fq(x), because of wild (not tame; Remark 9.7.26) ramication. The contrast starts
from the [1631, x8.1.2, Guralnick's Optimistic Conjecture] list of all primitive monodromy
groups of indecomposable f 2  Q[x].
9.7.99 Example (Davenport pairs) A signicant part of the exceptional primitive monodromy
groups (Remark 9.7.98), without cyclic or alternating group composition factors, came
from the nitely many possible degrees of Davenport pairs f1;f2 2 K[x] (polynomials) over
number elds, with f1 indecomposable and Vf1(OK=p p p) = Vf2(OK=p p p).
Important hints about what to expect for primitive monodromy groups of f 2  Fq(x)
came also from Davenport pairs. [846, x3.3.3] (explicitly in [247]): Over every Fq, there are254 Handbook of Finite Fields
innitely many degrees of Davenport pairs, where (deg(f1);p) = 1, f1 is indecomposable,
and Vf1(Fqk) = Vf2(Fqk) for all k.
9.7.100 Example [512, Theorem 14.1] described the geometric monodromy (PSL2(pa), p = 2;3, a
odd) of the only possible exceptional polynomials over Fp whose degrees were neither prime
to p or a power of p. Then, [848] produced these: the rst exceptional polynomials over
nite elds with nonsolvable monodromy.
9.7.101 Remark (Zeta functions attached to problems) [849, Chapter 25 and 26] details how Dav-
enport pairs led to attaching Poincar e series { based on the Galois stratication procedure
of [845] { to counting the values of parameters for any diophantine problem interpretable
over all extensions of Fq, or for innitely many primes p p p of K.
9.7.102 Example Denote w1;:::;wu by w w w. Suppose f(w w w;x);g(w w w;y) 2 Fq[w w w;x;y]. Denote the car-
dinality of w w w0 2 Au(Fqk) with
V (f(w w w0;x))(P1(Fqk)) = V (g(w w w0;x))(P1(Fqk)) (9.27)
by Nf;g;k. Dene Pf;g;Fq(t) to be the Poincar e series
P1
i=1 Nf;g;ktk.
9.7.103 Example With notation over Z, as in Example 9.7.102, suppose f(w w w;x);g(w w w;y) 2 Z[w w w;x;y].
Denote the cardinality of w w w0 2 Au(Fpk) with (9.27) holding over Fpk by Nf;g;Z=p;k. Dene
Pf;g;Z=p(t) to be
P1
i=1 Nf;g;Z=p;ktk.
9.7.104 Theorem [849, Chapter 25], [847, x7.3.3]: For any diophantine problem over Fq expressed
in a rst order language, the attached Poincar e series is a rational function. Further, there
is an eective computation of the coecients of its numerator and denominator based on
expressing those coecients in p-adic Dwork cohomology.
9.7.105 Theorem [Theorem 9.7.104 continued] Given a diophantine problem D over Z (or OK)
expressed in a rst order language, there is an eective split of the primes of Q (or over K)
into two sets: LD;1 and LD;2, with LD;2 nite. Further, there is a set of varieties V1;:::;Vs
over Z, from which we produce linear equations in variables Y1;:::;Ys0 that serve as the
coecients of the numerator and denominator of a rational function PD(t). To each (p;Yi),
p 2 LD;1 there is a universal attachment of a p-adic Dwork cohomology group, H(p;Yi),
computed in the category of such Dwork cohomology attached to V1;:::;Vs.
The corresponding Poincar e series PD;p at p 2 LD;1 comes by substituting H(p;Yi) for
each Y1;:::;Ys0 in PD(t). Then apply the Frobenius operator at p to these coecients.
9.7.106 Remark [608]: In Theorem 9.7.105 it is possible to take V1;:::;Vs to be nonsingular projec-
tive varieties with Yi representing a Chow motive (over Q). Applying the Frobenius operator
at p is meaningful as Chow motives are formed from  etale cohomology groups of V1;:::;Vs.
9.7.107 Remark The eectiveness of Theorem 9.7.104 is based on Dwork cohomology [713], and the
explicit calculations of [256]. Theorem 9.7.105 and Remark 9.7.106 both rest on the Galois
stratication procedure of [845] or [849, Chapter 24].
On the plus side, the uniform use of  etale cohomology from characteristic 0 produces
wonderful invariants { like, Euler characteristics { attached to diophantine problems. On
the negative, all the eectiveness disappears. In particular, the relation between the sets
denoted LD;1 in the two results is a mystery.
9.7.108 Remark Relating exceptional covers (and Davenport pairs) and other problems about al-
gebraic equations is a running theme in [846] and [847]. Detecting these relations comes
from pr-exceptional correspondences [846, x3.2]. We catch the possible appearance of such
correspondences when two Poincar e series have innitely many identical coecients.Special functions over nite elds 255
9.7.109 Example Example: An exceptional cover, X ! P1
z, over Q, will be a curve whose Poincar e
series is the same as that of P1
z at innitely many primes. The systematic use of such
characterizations combines monodromy precision (where it applies) and Theorem 9.7.110.
9.7.110 Theorem [847, Proposition 7.17], based on [775]: The zero support of the dierence of two
Poincar e series consists of the union of arithmetic progressions.
See Also
x8.1 Discusses the large literature on permutation polynomials (as in Proposition
9.7.39). This contrasts with the use of a cover given by an exceptional polyno-
mial, where one xed polynomial works for innitely many nite elds.
x8.3 Section x8.3.3 mentions several explicit Chebotarev density theorem error
terms. Such error terms have improved over time, but, like Proposition 9.7.28,
this sections' results exhibit monodromy precision: the error term vanishes.
x9.6 Discusses Dickson polynomials in detail, including their various combinatorial
formulas. This contrasts with the Remark 9.7.34 formula free characterization.
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Legendre sequence, 147, 266
lifted character, 101
lifted Gauss sum, 101
lifted Jacobi sum, 102
lifted Kloosterman sums, 113
limit cycle, 684
linear complexity, 147, 270
Fq-, 272
k-error, 271
nth, 270
prole, 271
linear feedback shift register, 270
linear recurring sequence, 270
linear translator, 181
linearity conjecture, 486
Littlewood, J.E., 411, 412
Logical Model, 687
logical model, 687
m-sequence, 265
M obius
equivalence, 243
transformations, 243
MacWilliams identities, 563
MacWilliams transform, 564
mass formula, 349
matrix
circulant, 419
circulant Hadamard, 517
companion, 418
generator, 562, 576
Hadamard, 135, 517
Hankel, 423
Hasse Witt, 401
involutory, 417
nilpotent, 417
orthogonal, 420
orthogonal , 444
orthogonal circulant, 420
parity check, 562, 576
proper orthogonal, 444
skew-symmetric, 421
symmetric, 421
systematic, 563
Toeplitz, 422
Vandermonde, 578
matrix-product construction, 378
maximal order, 347
maximal partial spread, 486834 Handbook of Finite Fields
MDS code, 499
measure
R-valued, 455
correlation, 146
well distribution, 146
Menezes, Alfred, 351
merit factor, 269
Miller's algorithm, 359
Miller, Victor, 345
Miller's algorithm, 345
minihyper, 486
Minimal polynomial, 431{433, 435, 436
minimal polynomial
joint, 271
of sequence, 270
minimal sampling algorithm, 689
minimal sets algorithms, 689
minimum block weight, 609
minimum distance, 376, 499
Minkowski sum, 306
minus, 656
model selection, 689
model space, 689
modied Tate-Lichtenbaum pairing, 359, 360
module
Carlitz, 450
class, 453
Drinfeld, 450
Hayes, 450
Tate-Drinfeld, 451
Tate-Shafarevich, 453
M obius plane, 510
monodromy group
arithmetic, 244
geometric, 244
monodromy precision
Davenport pairs, 253
exceptional polynomial, 245
general exceptional covers, 245
pr-exceptional covers, 253
monomial, 212
Morita's p-adic gamma function, 110
morphism
cover, 244
Drinfeld, 450
at, 250
multigraph, 532
multinomial coecients, 109
multiplication-by-m map, 338
multiplier, 506, 519
multiply nested BIBD, 507
multisequence, 271
Nq(g), 364
nebentypus, 115
nest, 479
plane, 479
replaceable, 479
nested canalyzing function, 690, 692
nested design
multiply, 507
net
(t;m;s)-, 373
cyclic digital, 378
digital (t;m;s)-, 374
digital strict (t;m;s)-, 374
Hammersley, 373, 375
hyperplane, 378
strict (t;m;s)-, 373
Netto triple system, 503, 504
newform, 114
Newton polyhedron, 122
Newton polytope, 306
Niederreiter sequence, 381
Niederreiter- Ozbudak bound, 611
Niederreiter-Xing sequence, 382
No sequences, 267
nonlinearity, 205
norm
denitions, 11
properties, 11
normal rational curve, 496
NP-hard, 648
NP-hardness, 309
NRT space, 375
NRT weight, 375
NXL code, 606
Okamoto, Tatsuaki, 351
operator
hyperdierential, 455
optical orthogonal code(OOC), 269
orbit, 439
orbit length, 142
order, 347
ane plane, 477
conductor of, 347
in quadratic imaginary eld, 347
of a nite eld, 4
of an element, 6
projective plane, 476
ordered orthogonal array, 374Miscellaneous applications 835
ordinary, 396
ordinary elliptic curve, 348
orthogonal array, 520
orthogonal system, 186
orthomorphism, 467
Ostrowski
theorem, 306
oval, 497
complete, 497
ovoid, 500
Tits, 500
p-density, 395
packed
matrix multiplication, 426
pairing
Miller's algorithm, 359
modied Tate-Lichtenbaum, 359, 360
Tate-Lichtenbaum, 359
Paley construction, 135
parallelism, 477
parameter estimation, 689
parity check matrix, 562
partial-period correlation, 269
partition
Baer subplane, 482
classical, 482
perfect, 483
path, 533
period
Fourier expansion, 98
Carlitz, 450
period polynomial, 98
periodic correlation, 264
periodic point, 684
permanent, 424
permutation
apn, 208
permutation polynomial, 376, 467
perspectivity
projective plane, 477
elation, 477
Petri net, 688
phase space, 684
Picard{Fuchs dierential operator, 349
Picard group
of elliptic curve, 341
place, 318
completely splitting place, 325
degree of a place, 319
extension of a place, 324
place at innity, 319
pole of x, 319
prime element at a place, 318
ramication index, 324
ramied extension, 325
rational place, 319, 361
number of rational places N(F), 361
relative degree, 324
residue class eld of a place, 319
residue class map, 319
unramied extension, 325
zero of x, 319
planar equivalence, 231
planar function, 185
plane
ane, 477
ag-transitive, 480
Andr e, 479
Hall, 479
inversive, 479
nest, 479
projective, 476
PLE decomposition, 429
plus, 656
PN function, 206
Poincar e duality, 386, 392
Poincar e series, 112
point at innity, 334
point set, 373
points
special, 453
polar, 492
polarity, 490
Hermitian, 492
null, 492
ordinary, 492
orthogonal, 492
pseudo-, 492
symplectic, 492
unitary, 492
pole, 492
Pollack, Paul, 410
Polya-Vinogradov-Weil bound, 145
polygon
generic, 398
Hodge, 396, 397
Newton, 394
polynomial
-, 225
completely normal, 64
Dirichlet L-function, 411836 Handbook of Finite Fields
normal, 60
primitive, 43
strong primitive normal, 64
absolute value of, 408
ane, 13
all one, 40
characteristic, 178
Chebychev conjugate, 246
complete mapping, 181
Dembowski-Ostrom, 232
Dickson, 191, 246
Dickson polynomial of the rst kind, 235
Dickson polynomial of the second kind,
235
discriminant, 15, 36
even, 412
exceptional, 173, 212
existence of irreducible, 8
feedback, 273
Hasse, 398
indecomposable, 53
irreducible, 5
linearized, 13
Mattson-Solomon, 589
minimal, 8, 577
minimal value set, 189
monic original, 53
multivariate quadratic, 648
norm, 25, 43, 60
number of irreducible, 5
odd, 412
permutation, 171, 187, 376
permutation in several variables, 186
planar, 230
primitive, 7, 56
primitive normal, 57
reciprocal, 7, 56
ring of, 5
special, 454
stable, 142
syndrome, 584
trace, 25, 43, 60
Polynomial 3-Primes Theorem, 412
Polynomial Dynamical System, 684
Polynomial Generalized Riemann Hypothe-
sis, 411
polynomial interpolation problem, 598
polynomial lattice, 376
Polynomial Prime Number Theorem, 408
Polynomial Twin Primes Theorem, 410
Polynomial Waring Theorem, 413
polynomials
with prescribed trace and norm, 100
power residue character, 100
power residue symbol, 109
primality testing, 100
prime ideal factorization of p, 108
primes in arithmetic progression, 409
primitive element, 6, 56
primitive part, 54
principal divisor
on elliptic curve, 341
principal ideal domain (PID), 575
Principle of Duality, 488
problem
hidden number, 141
sparse polynomial noisy interpolation,
141
Waring, 140
projective
completion, 477
plane, 476
projective 1-space
F points, 243
j-line, 251
projective geometry, 587
projective plane, 466
classical, 476
Desarguesian, 476
projective space, 487
hyperplane, 487
line, 487
plane, 487
point, 487
solid, 487
subspace, 487
projective spaces, 487{501
projectivity, 489
cyclic, 495
propagation rule, 378
pseudorandom graph, 534
pseudorandom number generator, 282, 283
pure number of weight w, 390
quadratic imaginary eld
order in, 347
quadratic nonresidue, 582
quadratic residue, 582
quadratic space, 159
Arf invariant, 160
non-degenerate, 160
radical, 159Miscellaneous applications 837
rank, 160
quadric, 492
elliptic, 494
hyperbolic, 494
parabolic, 494
quadric surface, 492
quality parameter, 373, 379
quantum computer, 648
quasield, 225, 467, 478
quaternion algebra, 347, 348
radical, 28, 61
rainbow structure sequence, 655
Ramanujan sum, 116
ramication
tame ramication, 327
wild, 253
wild ramication, 327
ramication locus (of a tower), 369
Rank, 429, 432{435
rank, 652
rational, 652
rational function
composition factor denition eld, 252
composition factors, 243
cyclic conjugate, 250
decomposable, 243
exceptional over Fq, 244
exceptional over a number eld, 244
permutation over Fq, 247
Redei, 250
separable, 247
tame, 245
rational functions
Davenport pair, 253
genus 0 problem, 253
rational point (rational place), 361
reciprocity, 490
REDQ, 426
Compression, 426, 427
Correction, 426, 427
reduction
good-Drinfeld, 452
potentially good, 452
stable-Drinfeld, 452
Reed-Solomon code, 604
regulator, 355
regulus, 478
opposite, 478
Reordering, 433
replicator, 29
representation
matrix, 439
residuacity, 104
resolvable BIBD
Bose's condition, 502
reverse engineering, 689
Riemann hypothesis, 385, 387, 390, 393
Riemann hypothesis (for function elds), 363
Riemann's inequality, 323
Riemann's theorem, 323
Riemann{Roch space L(A), 322
Riemann{Roch theorem, 322, 331
Riemann-Roch space, 603
Riemann{Roch theorem, 335
ring, 3
characteristic, 4
commutative, 3
division, 3
R uck, Hans-Georg, 342
Sali e angle, 113
Sali e sum
over Z=kZ, 117
over Fq, 112
Samaev, I., 351
Sato-Tate measure, 113, 114
Satoh, Takakazu,, 351
Schur's Conjecture, 243
semield
denition, 225
nuclei, 228
separable
factorization, 301
separable isogeny, 339
sequence, 694
(t;s)-, 379
(T;s)-, 379
Barker, 694
digital (t;s)-, 380
digital (T;s)-, 380
digital strict (t;s)-, 380
digital strict (T;s)-, 380
elliptic curve congruential, 279
explicit inversive congruential, 277
Faure, 381
frequency hopping, 698
generalized Lucas, 178
Golay, 695
inversive, 278
Legendre, 278, 694, 695
maximum length, 694, 695838 Handbook of Finite Fields
Niederreiter, 381
Niederreiter-Xing, 382
nonlinear congruential, 278
power, 278
quadratic exponential, 277
recursive nonlinear, 278
Sidelnikov, 279
Sobol', 382
strict (t;s)-, 379
strict (T;s)-, 379
van der Corput, 379, 380
Serre bound, 364
Serre's explicit formulas, 364
Serre, J.P., 413
Serre, Jean-Pierre, 349
set
dierence, 212
simplest cubic, 100
simplex of reference, 490
Singer cycle, 495
Singer group, 495
Singleton bound, 604
singular point, 334
small-eld, 653
Smart, Nigel, 351
Sobol' sequence, 382
space
ane, 489
Hamming, 375
NRT, 375
projective, 487
Riemann-Roch, 603
sparse
factorization, 306
Sparse matrix, 433
sparse polynomial representation, 306
spectrum
Walsh, 205
sphere, 571
spherical geometry, 510
spin, 30
splitting, 581
splitting locus (of a tower), 369
spread, 478, 494, 701
automorphism group, 478
partial
maximal, 486
regular, 478
subregular, 479
square-free divisor, 61
W(r), 61
radical, 61
squares, 512
St ohr{Voloch theory, 366
standard array, 566
starter block, 504
state space, 684
steady state, 684
Stein generator, 434
Steiner triple system
2-homogeneous, 504
Stickelberger's congruence for Gauss sums,
109
straight-line program, 308, 309
straight-line programs without divisions, 309
strict (t;m;s)-net, 373
strict (t;s)-sequence, 379
strict (T;s)-sequence, 379
strict sum of polynomials, 413
strongly regular graph
constructed from a quasi-symmetric de-
sign, 502
Structured matrix, 433
subgeometry, 495
subplane, 482
Baer, 482
subregular
spread, 479
translation plane, 479
sum
Kloosterman, 212
supersingular, 358, 360
supersingular elliptic curve, 348
mass formula, 349
supersingularity, 103
supersparse polynomial, 308
Swan theorem, 36
Sylvester generator, 434
symmetric, 665
symmetric design, 502
symmetric dierential, 663
symmetry, 444
syndrome, 584, 592
syndrome polynomial, 584
Tame Transformation Method (TTM), 664
tangential coordinates, 488
Tate module, 344
Weil pairing on, 345
Tate pairing, 346
modied, 346
Tate, John, 342, 344, 346Miscellaneous applications 839
Tate-Lichtenbaum pairing, 359
tight set, 486
Tits ovoid, 500
Toeplitz matrix, 435
torsion subgroup, 338, 343
total degree, 388
tower (of function elds), 368
asymptotically good tower, 369
limit of a tower, 369, 370
recursive tower, 370
tame tower, 370
wild tower, 371
trace, 568
denitions, 10
properties, 11
trace of Frobenius, 341, 344, 350
trajectory, 282, 286, 287, 289
transform
n-th order, 29
translation
ane plane, 478
group, 478
line, 478
projective plane, 478
translation invariant, 29
transvection
orthogonal, 446
symplectic , 440
unitary , 442
transversal, 478
regulus, 478
triangle inequality, 318
triangular map, 651
trinomial
Mersenne, 66
triple system
Netto, see Netto triple system
Trotter, Hale, 349
TRSM, 429
Tsfasman{Vl adut {Zink theorem, 367
TVZ bound, 611
twin primes, 409
twisted cubic, 496
Uniform distribution
Kloosterman angles, 113
Sali e angles, 113
unital, 483
Buekenhout
nonsingular, 483
orthogonal, 483
embedded, 483
update schedule, 684
valuation, 318
valuation corresponding to a place, 318
valuation ring, 318
value set, 189
van der Corput sequence, 379, 380
Vandermonde matrix, 435
Vanstone, Scott, 351
variety
Drinfeld modular, 457
function eld, 244, 245
geometric point, 244
vector degree, 51
Vinogradov's formula, 147
Vinogradov, I.M., 411
walk, 533
closed, 533
Waring problem, 412
Waring's formula, 235
Waring's number, 168
existence, 168
Waterhouse, William, 342
Webb, W.A., 413
Wedderburn, 4
Weierstrass }-function, 107
Weierstrass equation, 334
discriminant, 334
j-invariant, 334
nonsingular, 334
singular, 334
transformation of coordinates, 335
weight, 76
NRT, 375
Weil bound, 141
Weil conjecture, 385
Weil pairing, 344
computation of, 345
formulas for, 345
Weil, Andr e, 344
Weil, Andr e, 411, 412
Wiedemann, 432
wiring diagram, 684
XNL code, 607
zero isogeny, 339
Zeta function, 384
zeta function
of a hyperelliptic curve, 358840 Handbook of Finite Fields
of elliptic curve, 350
Poincar e duality, 350
zeta function (of a function eld), 362
Zsigmondy prime, 45
largest, 45